We study the Hausdorff dimension of the path of a quantum particle in non-commutative space-time.
INTRODUCTION
One of the outstanding issues in physics is the question of gravity at high energies or equivalently at extremely short distance. There are various approaches to construct a quantum theory of gravity, such as string theory [1] , asymptotically safe gravity [2] , non-commutative geometry [3] [4] [5] , loop gravity [6] , causal dynamical triangulation [7] . Many of these approaches indicate a change in space-time dimension at high energies [6] [7] [8] [9] [10] [11] [12] [13] [14] . This change in the dimension, referred as dimensional flow has been analysed for various models. Some of these studies analysed the spectral dimension of κ-space-time, using return probability of diffusion process defined in the corresponding space-time [15] [16] [17] . Some of these studies led to investigations of multi-scale space-time [18, 19] , fractional space-time and their relevance to quantum gravity. Another notion of dimension known as Hausdorff dimension which gives the dimensionality of paths travelled by quantum mechanical particles moving on such quantum space-time has been analysed in [20] .
In this paper, we investigate the dimension of the path of a particle moving in space-time whose coordinates satisfy a Lie algebraic type commutation relation. The coordinates of this kappa-space-time obey the following commutation relations
This space-time naturally appear in the context of loop gravity [21] and deformed special relativity [22] .
Dimensional flow in this κ-space-time has been studied by constructing and analysing diffusion equations in [15] [16] [17] . The same has been analysed using different approaches in [11] [12] [13] 23] . In studying spectral dimension of κ-space-time, a modification of integration measure is used in [13] , where as the same was calculated using the solution of κ-deformed diffusion equation [15] [16] [17] . In both the approaches, it was noted that the spectral dimension reduces with the probe scale.
In [24] , dimension of path of particle obeying Schrodinger equation was analysed. This is done by first defining the path of a non-relativistic quantum mechanical particle as follows; the expectation value of the position operator is measured at equal intervals of time ∆t. Now joining the neighbouring points where the particle is localised at times n∆t and (n + 1)∆t (where n is an integer) and repeating this for all the intervals (i.e., for n = 1, 2, 3, ... ), one gets a curve made up of (n − 1) line segments. This curve is defined as the path followed by the quantum mechanical particle. This definition, naturally leads to dependence of the length of the path to the resolution of the measuring instrument. But one would like to have a definition of length of the path which is independent of the resolution of instrument. The path of quantum mechanical particle as defined above [24] is clearly an everywhere continuous but nowhere differentiable curve which is known as Koch curve, in the study of fractals [25, 26] . Length of such fractal curves which is independent of the resolution of the measuring instrument has been introduced by Hausdorff and using this, dimension of quantum mechanical particle was shown to be 2 in [24] . For a curve whose length is l as measured by an instrument of resolution ∆x, Hausdorff introduced a new notion of length, L H as [24] L H = l(∆x)
Here, L H is required to be independent of ∆x. This fixes the parameter D H uniquely. This value of D H is called the Hausdorff dimension of the fractal curve or path of the quantum particle. This study has been generalised to the case of a particle governed by relativistic quantum mechanics in [27] . For the relativistic particle, the path was defined in [27] , in terms of Newton-Wigner operator [28] . It was shown that the Hausdorff dimension in the ultra-relativistic limit is 1, where as in the non-relativistic limit, this dimension is 2, as obtained by [24] . It was further shown in [27] that the length of the path as well as the Hausdorff dimension of the path is independent of the spinorial structure of the relativistic particle. In [27] , the Hausdorff dimension for a relativistic particle is shown to be 1. Thus we see that the Hausdorff dimension in non-relativistic regime (which is 2) is reduced to one by relativistic effects, in the commutative space-time.
In [20] , the approach of [24] has been adapted for calculating the Hausdorff dimension of a quantum space-time. The quantum nature of space-time was brought in by the introduction of a minimal length, which prevents localisation of particles below this length. The introduction of this minimal length changes the measure of integration in a non-commutative space-time. This change does modify the expectation value of the position operator calculated on such quantum space-time. It was shown in [20] that the Hausdorff dimension of the path is 2 as long as the resolution ∆x of the measurement is much above the intrinsic minimum length associated with the quantum space-time. But if the resolution is much below this minimal length, the Hausdorff dimension D H is 1 − d, where 'd' is the topological dimension of the space-time. It was shown that the quantum nature of the space-time reduces the Hausdorff dimension from 2, it can be zero or even negative [20] .
In this paper, we study the Hausdorff dimension of the path of a particle moving in the κ-deformed space-time defined by eqn. (1) . Note that the deformation parameter 'a' has length dimension, and sets a minimum length scale below which one cannot probe or localise the particle. This length scale should also restrict the minimum value of the resolution of the measurement of position of the particle. These effects of deformation incorporated in our analysis is through the parameter 'a' by using most general κ-deformed wave function in calculating the position expectation value of the particle moving in κ-space-time. We then generalise this method to study the Hausdorff dimension of path of a relativistic particle, governed by κ-deformed Dirac equation [29] . Applying the self-similarity criterion on the path of non-relativistic and relativistic particle on non-commutative space-time, we then derive generalised uncertainty relation valid up to first order in the deformation parameter.
In the non-relativistic case, we find that the Hausdorff dimension of the quantum path decreases with increase in the deformation parameter. In the relativistic case, we find that the spinor nature of the wave function plays a crucial role, unlike in the commutative space-time. Also, in this case, we find that the Hausdorff dimension increases with a in the ultrarelativistic limit. Thus, contrary to commutative case, relativistic effects leads to an increase in D H in the non-commutative space-time. In the non-relativistic limit of quantum regime D H is discontinuous at a = 3.639 × 10 −13 m. In this case, D H first increases with increase in the deformation parameter a and diverges as a → 3.639 × 10 −13 m. We also note that above a = 3.639 × 10 −13 m, D H is negative and as a decreases from higher value, D H decreases and diverges to −∞ at 3.639 × 10 −13 m (see Fig.2 ). This result is entirely in contrast with what we obtained in non-relativistic case. This difference is due to the spinorial nature of the wave function of relativistic particle.
This paper is organized as follows. In the second section, the path of a non-relativistic particle moving in kappa-deformed space-time is analysed. Path of the quantum particle is constructed by measuring the position expectation values at different times separated by an interval ∆t. We calculate the Hausdorff dimension by measuring the distance travelled by the particle and find that it depends on the deformation parameter.
In section 3, we investigate the Hausdorff dimension of relativistic quantum path on κ-sapce-time and show that it depends on the spinor nature of the wave function, unlike in the commutative space. In section 4, we derive the generalised uncertainty relation valid for κ-space-time, by imposing self-similarity condition on the path of the quantum particle. The analysis of results and summary are presented in the last section.
DIMENSION OF NON-RELATIVISTIC QUANTUM PATHS
In this section, we study the Hausdorff dimension of the path of a non-relativistic quantum particle moving in kappa-deformed space-time. First we calculate the average length travelled by a quantum particle in time T and using we obtain Hausdorff length which is used in calculatng the Hausdorff dimension. In doing so, we have treated cases where particle has (i) zero average momentum, and (ii) non-zero average momentum, separately.
Consider a non-relativistic particle moving in the κ-spacetime. Its path is constructed by measuring the position expectation value of the particle, with resolution ∆x, at different times t 0 , t 1 = t 0 + ∆t, ..., t N = t 0 + N∆t, and joining these points by straight lines. The average distance travelled by the particle in time ∆t is ∆l , and the total distance travelled in time T = N∆t is
where N is the number of intervals. It should be noted that this measurement of length will depend on the spatial resolution ∆x of the measuring instrument and also on the deformation of spacetime characterised by the deformation parameter 'a'.
The wave function of a quantum particle in κ-spacetime is of the form
wherem is the modified mass of the particle due to κ-deformation [30] [31] [32] and depends on the realization of κ-space-time coordinate. As shown below, Hausdorff dimension is independent of the mass in the nonrelativistic case where as it depends on the mass in relativistic case. In writing this wave function, we have used the fact that particles position is localized within a region of size ∆x and in addition there is a modification due to the deformation of space-time which is incorporated through 'a' dependence of the wave function. Note that in the commutative limit (i.e., a → 0), we get back the wave function in the commutative space [24] . We next calculate the average distance travelled by the particle ∆l in time ∆t and using this find the total distance travelled in finite time T = N∆t. For this, we first restrict to path of particle with zero average momentum (i.e.,in the classical limit, the particle is at rest).
Using the redefinition k = p(∆x+a) , the above wave function in eqn. (4) is re-written as
Now we calculate average distance travelled by the particle in time ∆t as
Substituting (5) in (6) and letting y = x ∆x+a , one obtains
The form of f (|k|) is chosen such that the particle is localized in a region of size ∆x and it should be noted that the specific form of f (|k|) is not important in our calculation, as it is in the commutative case [24] . In this paper, we choose f (|k|) = Ae
, so that the integration can be done exactly. Upon integrating over k in the above equation, we find
where A is the normalisation constant of the function f (|k|), α = (1 + a 2 ∆x 2 ) and β = ∆t 2m(∆x+a) 2 . This choice of f (|k|) incooperates the modification of the integration measure [20] , to take into account the feature of minimal length associated with quantum space-time. Re-expressing the above equation in polar coordinate, we obtain
Following eqn. (2), we find the Hausdorff length for the quantum path as
When (∆x + a) ≪ √ ∆t/2m the above equation reduces to
Unlike in the commutative space-time, here we define Hausdorff dimension as the value of the parameter D H where
A similar approach was taken in the study of Hausdorff dimension of quantum space-time in [20] . The above condition gives
which in the commutative limit (a → 0) reduces to 2, as expected [24] . Note that Hausdorff dimension D H is independent of the mass of the particlem. For a ≪ ∆x, we obtain D H ≃ 2, which coincides with the result in the commutative space. But for ∆x ≪ a,
i.e., below the minimal length a, we obtain Hausdorff dimension of the path of the quantum particle as approximately -3.
Taking ∆x to be the Compton wavelength of electron, i.e., ∆x = 2.426 × 10 −12 m; we plot Hausdorff dimension as a function of a in Fig.[1] . From this figure, we see that in non-commutative space-time the Hausdorff dimension is always smaller than 2 and decreases with increasing deformation parameter a. The Hausdorff dimension attains negative value after a certain point.
We know that in classical physics the Hausdorff dimension is always one and for a non-relativistic quatum particle it is greater than one [24, 27] . By requiring D H ≥ 0, we naturally obtain an upper bound Next we consider particle with non-zero average momentum (i.e., in the classical limit, the particle is moving) and calculate the Hausdorff dimension of its path. The wave function of a quantum particle with average momentum p av in deformed space-time is given by
Proceeding as in the previous section with y = , we find the length of the quantum path in ∆t time as
Using the redefinition
where b is demanded to be a constant, eqn. (15) takes the form 
From this, using the definition of Hausdorff length ( L H ) in eqn.(2), we find 
For the case, ∆x ≫ |p av | (i.e., the resolution is much greater than the particle's wavelength), the Hausdorff 
∆x 2 ) 2 which gives the Hausdorff dimension as
Note that, in the commutative limit we get D H = 2. From the above discussion, for path of a nonrelativistic quantum particle, one can see that Hausdorff dimension is not an integer, and also it depends on deformation parameter a as well as on resolution ∆x. There are two 'a' dependent correction terms in eqn. (19) . For a ≪ ∆x we find D H = 2, which coincides with the commutative result. For a ≫ ∆x, we obtain D H = −1. We also note that, D H for a particle with non-vanishing average momentum depends on the mass of the particle through b (see eqn. (16)).
DIMENSION OF RELATIVISTIC QUANTUM PATHS
In this section, we present the calculation of Hausdorff dimension for relativistic Dirac particle in κ-space-time. Here we start with κ-deformed Dirac hamiltonian and re-express it in Foldy-Wouthuysen representation. This choice of representation help us to avoid non-physical observables. With this hamiltonian we solve the Ehrenfest equation to obtain the average length of a relativistic quantum particle traversing in κ-space-time during the time ∆t. An interesting observation is that the distance travelled by the relativistic quantum particle in the κ-space-time depends on the spinorial character of the wave function, in contrast to the commutative situation. The average length obtained is then used to calculate the Hausdorff dimension for various cases(such as classical limit, non-relativistic limit of quantum regime and Ultrarelativistic case).
The κ-deformed Dirac Hamiltonian, upto first order in a is [29] 
where H D = cp.α + βmc 2 . In the Dirac representation α and β are gives as
where σ i are the Pauli matrices.
Since we want to restrict our calculation to deal with only observables, we will be working in FoldyWouthuysen representation(FW-representation) [33] . The change from the Dirac representation to FWrepresentation is achieved by a unitary transformation implemented by
where E p = (p 2 c 2 + m 2 c 4 ) 1/2 . The Hamiltonian in Foldy-Wouthuysen representation obtained by applying the above unitary transformation is
where H DNC is given in eqn. (20) . The modified position operator, X compatible with the Foldy-Wouthuysen representation, known as Newton-Wigner operator [33] is
Note that X and p satisfy the same commutation relation as x and p, and thus we find ∆X ≥ /∆p. This X satisfies the Ehrenfest equation
which governes its time evolution.
Using (23) and (24) in (25), we obtain the equation for X 2 as
By solving the above equation, we obtain the average value of X 2 at time t as
where subscript 0 on terms in RHS stands for values at t=0. The average length ∆l travelled by the particle
Note that eqn. (28) involves expectation value of H D . Thus above expression for ∆l shows that the distance travelled by the relativistic quantum particle depends on the spinorial character of the wave function.
This should be contrasted with the commutative space-time result [27] , where the spinorial structure of the relativistic wave function does not play any role in the calculation of Hausdorff dimension. This is due to the fact that, in the commutative space ∆l ∆t does not involve expectation value of H D and thus the result is independent of the spinorial nature of the wave function [27] . But here, we see that the spinorial nature of wave function comes into effect in the non-commutative space-time. Note that in the commutative limit,
i.e., a → 0, the ∆l ∆t is independent of H D and thus all dependence of spinorial wave function drops out.
In the momentum representation, the wave function of positive energy, spin up particle, compatible with non-commutative space-time (with minimal length given by a) is of the form
Using this wave function we obtain the average length ∆l travelled by the particle as
where x = mc/∆p , y = ∆p/p 0 .
From eqn.(30), in the commutative limit (a → 0), we obtain
which is same as result obtained in [27] .
For ∆p ≪ p 0 , i.e., in the classical limit, eqn.(30) reduces to
This quantity is independent of ∆X. So the Hausdorff dimension D H is one as in the commutative case [27] .
For the case when p 0 ≪ ∆p, we consider two regimes, i.e.,
• ∆p ≪ mc (non-relativistic limit of quantum regime). In this case, eqn. (30) reduces to
From this expression, we find the Hausdorff dimension to be
We note that Hausdorff dimension depends on the mass of the particle, unlike the non-relativistic • ∆p ≫ mc (Ultrarelativistic case). In this case, eqn. (30) become
and the corresponding D H is
.
In the commutative space, the length travelled by the relativistic particle is independent of the resolution ∆X. So the Hausdorff dimension is always one for the case of relativistic particle [27] . In our case, we see that the Hausdorff dimension depends on deformation parameter a as well as resolution ∆X, and it is always greater than one. This modification is due to the non-commutative nature of space-time. Also, note that H D is independent of the mass of the particle.
In the commutative limit, one can see that the distance travelled by the ultrarelativistic particle is independent of ∆p (or ∆X). Hence Hausdorff dimension is always one in this limit.
Hausdorff dimension given in eqn. (36) as a function of deformation parameter is plotted in Fig.3 . Here, 
D H
we can see that the Hausdorff dimension increases with increase in deformation parameter and its value is always greater than one.
In contrast to commutative case [27] , we see that the non-commutative nature of space-time results in an increase in the Hausdorff dimension. In the ultra-relativistic limit, Hausdorff dimension increases with a while in the non-relativistic limit D H increases as a increases and diverges to infinity. Beyond this critical value of a, Hausdorff dimension is negative as shown in Fig.2 .
MODIFIED UNCERTAINTY RELATION
In this section we derive generalised uncertainty relations valid in the kappa-deformed space-time by using the concept of self-similar paths. We use energy-time uncertainty relation to find the generalised Heisenberg's uncertainty relation for non-relativistic and relativistic quantum particle.
In [24, 27] , it was shown that the self-similarity condition when applied to the path of the quantum particle, naturally leads to Heisenberg's uncertainty relation. Thus it is natural to anticipate that the requirement of self-similarity applied to path of a particle on non-commutative space-time would lead to modified uncertainty relation compatible with non-commutative space-time. The path of a quantum-mechanical particle will be self similar if ∆l ∝ ∆x. By demanding self-similarity for the path of a non-relativistic quantum particle (see eqn. (9)), along with the condition (∆x + a) ≪ ∆t 2m , we get the uncertainty in time as
Using this along with ∆E ∼
2 m in ∆E ∆t ≥ , we obtain the deformed uncertainty relation as
Keeping terms upto first order in a, we write the modified uncertainty relation in the form
Following a similar procedure, using eqn. (33) , for a spin half particle in the non-relativistic limit, we arrive at a modified uncertainty relation
The corresponding uncertainty relation for a spin half particle in the relativistic regime (∆E = c∆p), derived from eqn. (35) is
Note that eqn.(39) and eqn.(41) show the generalised uncertainty relation, valid upto first order in a is of the form ∆X ∆p f a ∆X ≥ . The modified uncertainty relation obtained for non-relativistic limit of relativistic particle have other a dependent terms apart from the a ∆X term. Since the non-relativistic limit of relativistic path retains the information about the spinorial nature of the particle, it is natural that the result derived from this limit given in eqn. (33) is different from the result obtained by analysing the eqn.(9) for non-relativistic particle directly. Generalised uncertainty relations and their implications have been studied in [34] [35] [36] .
Generalised uncertainty relation for a specific realisation of κ-deformed space-time has been discussed in [37] , where the modified uncertainty relation was found to have a mass dependence. We have shown that the self-similarity condition imposed on the path of a particle in non-commutative space-time leads to modified uncertainty relation. Also note that, the above obtained uncertainty relations gives the correct commutative limit.
CONCLUSION
In this paper, we have calculated the Hausdorff dimension for a quantum particle moving in a noncommutative space-time. For a non-relativistic quantum particle, we found that the Hausdorff dimension is decreasing with deformation parameter a for a fixed resolution ∆x (see Fig.1 ). When the order of magnitude of deformation parameter is much smaller than the resolution of the apparatus (i.e., a ≪ ∆x), the Hausdorff dimension of the quantum path is practically two. This is also consistent with the result obtained in the commutative situation. In the contrasting case, where the resolution is of the same order or much smaller than a, we see that Hausdorff dimension approaches negative values, which do not yield a valid physical interpretation. Since, only a positive Hausdorff dimension provides the correct physical interpretation, demanding positivity of D H will provide us with an upper cutoff for the deformation parameter a (a < 10 −12 m when ∆x ≃ compton wavelength of electron).
An interesting result of this paper is that the path travelled by a relativistic quantum particle depends on the spinorial character of the wave function, unlike in the commutative space-time. It also depends on the mass of the particle for the relativistic case as well as for the non-relativistic case with p av 0. In contrast to the case of non-relativistic quantum path, Hausdorff dimension increases with the deformation parameter a for a fixed ∆x and always takes positive values for a relativistic quantum path. When the order of magnitude of deformation parameter is much smaller than the resolution of the measurement, the Hausdorff dimension approaches one as in the commutative situation. We also note that the Hausdorff dimension of path of a relativistic particle is larger than one in the κ-deformed space-time which should be contrasted with the value of D H in the commutative space where it is always one.
By imposing self-similarity condition on the path of non-relativistic and relativistic quantum particle in non-commutative space-time, we have derived the generalised uncertainty relation valid for κ-space-time.
We found that due to kappa-deformation, the uncertainty relation is modified and the modification depends on a factor of the form a ∆x . All the obtained modified uncertainty relations, in the commutative limit, reduce to well known Heisenberg's uncertainty relation.
